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Abstract 

We study the g-Clifford algebras Cl g2 (N,c 2 ), called FRT- Clifford al- 
gebras, introduced by Faddeev, Reshetikhin and Takhtajan. It is shown 
that Cl q 2(N,c 2 ) acts on the g-exterior algebra A(O^). Moreover, explicit 
formulas for the embedding of U„i{son) into Cl g 2 (iV,c 2 ) and its relation 
to the vector and spin representations of U„2{50n) are given and proved. 
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1 Introduction 

The theory of spinors gives one of the most powerful structures in differential 
geometry and theoretical physics. Its origin can be traced back to works of Car- 
tan, Dirac, Brauer and Weyl. On the other hand, quantum groups and quantum 
spaces appeared in the eighties as quantized algebras of functions on complex 
manifolds. Because of their close relation to Lie groups and homogeneous spaces 
one can ask whether one can develop a spin geometry of quantum spaces. In the 
last years there were made several attempts in this direction. Quantum Clifford 



algebras are introduced and studied for instance in [11], M, pOf, [I 



In |l9j Woronowicz presented a theory of covariant differential calculus over 



Hopf algebras. Using this or related theories quantum Clifford algebras and 
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spinors are defined and investigated by many authors, see [§], p, [[7], 0, [|14 
The approach of Woronowicz causes two important facts which are absent in the 
classical situation. First, in general there exists no canonical differential calcu- 
lus on a given quantum space. Given a differential calculus, the corresponding 
external algebra of differential forms depends extremely on the algebra of func- 
tions and on the first order calculus. Secondly, because of the noncommutative 
structure defining properties of a metric tensor are much more restrictive than in 
the commutative situation. Hence the varieties of Clifford algebras and spinors 
in the classical and quantum setting are very different. 

Exterior algebras A(O^) of the quantum Euclidean space O g 2(N) are intro- 



duced in H, [17 and [O]. They naturally appeared in H and E8I where the 



higher order calculi of the coordinate algebra of the quantum Euclidean space 
and the quantum Euclidean sphere, respectively, were examined. The corre- 
sponding quantum Clifford algebras, called FRT- Clifford algebras, are defined 
in |§ and analyzed in ||. The aim of this paper is to prove further results on 
FRT- Clifford algebras and to present elementary methods for the dealing with 
these objects. We construct spin representations of U^^son) using FRT- Clifford 
algebras. Related quantum spin bundles on quantum spaces will be examined in 
a forthcoming paper. 

In Section [| the definition of the FRT- Clifford algebra CL^iV, c 2 ) is recalled. 
In Theorem [T] we prove that the algebra CL^ (N,c 2 ) has a representation over 
the quantum exterior algebra A(O^). Elementary proofs of the semisimplicity 
of the algebras CL^iV, c 2 ) are given. Canonical minimal left- and right-ideals of 
Cl^iV, c 2 ) are introduced. In Section || we formulate and give the proof of two 
theorems. In Theorem || an algebra map 7r from ^(.sotv) to Cl g 2(iV", c 2 ) is given. 
In Theorem |9] invariance of the vector space of generators of CL^iV, c 2 ) under 
the adjoint action of 7i(U q 2(soN-)) is proved. Further, the spin representations of 
U^^so^) are realized on the canonical left ideal of CL^iV, c 2 ). 

For the set of nonzero real and complex numbers we take the symbols M x and 
C x , respectively. Throughout we use Einsteins convention to sum over repeated 
indices. We write 5j = 5ij for Kronecker's symbol. For integer numbers j, 
1 < j < N, the symbol j' means the number N + 1 — j. For m,p G No we 
set 



H = ^zr, Mi = lll 
^ fc=i 



m 



mi m 

[m-p]V 1 ' 
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We use the definition of the Birman-Wenzl-Murakami algebra BWM(g 7V_1 , q)k 
with 2k — 2 generators g>j, ej, z = 1, 2, . . . , k — 1, given in 0, in the notation of 
[ |T5|j . The vector space of intertwiners of corepresentations v,v' of the coordinate 
Hopf algebra O(0 q 2(N)) of the quantum group g 2(iV) is denoted by Mor(v, v'). 
Let u denote the fundamental (vector) corepresentation of O(0 q 2(N)). For the 
generators of Mor(u <g> u, u £g> u), Mor(l, u <S> u) and Mor(ii ® -u, 1) we use the 
following symbols in the graphical calculus (see ||): 

R=X R-'=X C^=^ C t] = ^ 



2 The FRT- Clifford algebras 

Let q be a nonzero complex number, g m ^ 1 for all m G N. We set [2] = g + g -1 
and g = g - Let iV e N, iV > 3, and n G N such that iV = 2n + e, e G {0, 1}. 
In the sequel we frequently use the following standard notation for i?-matrices 
corresponding to orthogonal quantum groups O q 2(N), cf. || Subsect. 1.4]. 

Rl = q 25 ^'5}5l + (g 2 - q-^m - K%), 
C ij = Qj = q-^5),, K% = C^C kl , Pl = 5 i<v {N/2 -i)- S i/<i (N/2 - i% 

(2) 

where 5j</ = 1 if i < I and <5j</ = otherwise. 

Let c 2 G M x . By Definition 13 in || the quantum Clifford algebra C\ q 2{N, c 2 ) 
is the complex unital algebra generated by the elements ji, i = 1, . . . , N, and 
relations 

a 2N - 1 

P+g 7fcT , = 0, ij = 1,2,... ,N, Cv iaj = c 2 ^— -. (3) 

The factor in the last relation is choosen in such a way that formulas in the 
sequel become more simple. The explicit form of the relations of C\ q 2(N, c 2 ) can 
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be computed similarly to the proof of Proposition 9.14 in We obtain 

lili = 0, i^i', ljlt = -q 2 lilj, j>i,j^i', 
HHi = -7,7, + (q 2 ~ T 2 ) £ g 2j - 24+2 7,7,' + cV" 2 * +1 [2], i < z', 
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(4) 



e7n+i7n+i = e [ q £ g 2j 2n 7j7j' + c 

3=1 



It is easy to see that the mapping 7^ 1— > 07^ defines an algebra isomorphism 
Cl q 2(N,c 2 ) — > Cl q 2(N, 1). In contrast, the choice c = leads to the g-exterior 
algebra A(O^) which has been studied for instance in [|J, |17| or [|l^, Sect. 5]. 

The algebra C\ q 2 (N,c 2 ) obeys a Z 2 -grading <9 given by <9o(7;) = 1 for all 
1 = 1,... ,N. The components of even and odd degree are denoted by Cl^iV, c 2 ) 
and C\~ 2 (N, c 2 ), respectively. There exists also a Z n -grading d = (d 1 ,d 2 , ■ ■ ■ , d n ) 
of C\ q 2(N,c 2 ) which is determined by <9j(7j) = 61 — 5*, for i = 1, ... ,n and 
j = 1, . . . , N. For iV = 2n + 1 the mapping d n+ i : 7,- 1— > S J n+1 , j = 1, 2, . . . , N, 
defines another Z 2 -grading of Cl g 2(2n + 1, c 2 ). 

Let «j, i = 1, . . . , N, be nonzero complex numbers such that c^c^ = 1. From 
(|J) it follows that the mapping 7$ 1— > defines an algebra isomorphism of 
C\ q 2(N, c 2 ). Moreover, there exists an algebra antiautomorphism r of Cl q 2(N, c 2 ) 
given by T(ji) = 7^. This antiautomorphism as well as its compose with any of 
the above automorphisms has order two. 

Let V denote the complex vector space with basis {7^ | i = 1, . . . , iV} and 
let V® k , k > 1, be the fc-fold tensor product V £g> 1/ £g> ■ ■ • <g> V. We write 
V® for 0£l o V^ fc , where = CI. The mapping <p : BWM(g 2Af " 2 , q 2 )k+i -> 
End(V^ fc+1 ), given by ^(^i) = -R^+i, ^(e*) = l^i+i, z = 1, . . . , k, is a represen- 
tation of BWM(g 27V_2 , g 2 )fc +1 . If no confusion can arise we will identify elements 
of the algebra BWM(g 2iV ~ 2 , q 2 )k+i with their images under the representation ip. 

In HTSj , formulas (19) and (20), the elements d'^ +1 i and b± k , k = 0, 1, . . . ,N — 
1, i = 1, . . . , k, of the Birman-Wenzl-Murakami algebra BWM(g 27V ~ 2 , q 2 )k+i 
were introduced. 

i-l 3 

d'k+i,i — K12K23 ■ ■ ■ Kk-i+i J k-i+2 q ^ Y\ Rk~i+l+l,k-i+2+h 

3=0 1=1 

[2] " 

i=0 ^ i=l 



(5) 
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Using (||) the unique antisymmetrizer A k +i of BWM(g 27V 2 , q 2 )k+i is constructed. 
Recall that A x = id, A 2 = P and A i+1 = (id ® A^b^Jli + 1] for z > 2. 
Further, from A m+i = A m+ i(id(g) An), i2 M+ iA m+ i = -g _2 ,4 m+ i, lf M+ iA m+ i = 
(i = 1, 2, . . . , to) and fl5|) we conclude that 



Am+1 = i Z~Tf ( id ® = r T ii ( id ® A m)&i, m (id ® A 

fm + 1J [m + 1J 



4m \ (6) 



' (id ® A m ) (id - g 2 H^12 - 7~ 2N-4m K ^ ) ( H ® 



[m + if - "*' V 11 1 i + 

We use the symbol V Ak for the vector space V®/kerA k . Then A(O^) = 
®fclo ^ Afe as vec t° r spaces and the multiplication a corresponds to the tensor 
product in V®. 

Let g : V®V — > C denote the linear mapping given by the formula g(7i®7j) = 
cV*~ 3 [2]<V(9 2JV-4 + 1 )- Prom = g- 27V+2 (g 27V -l)(g 27V - 4 +l)/(g 2 -g- 2 ) we 

then get ciijjijj — g( a ijli ® 7j) m Clq2(iV, c 2 ) whenever dyjiAjj = in A(O^). 
Inspired by the methods presented in and , let us define contraction map- 
pings <(■, ■)) : V m ® V® 1 -> V® DMX W- fc > by ((p fc) pj)) = for k > I and 

(p,d) = gu(p®K il _ 1 (jj l )), (p®Pk,p\) = <(p,(p fe ,p;)»> (7) 

for peV, p u pf i G V m . Now let I > k, p\ G U®', p fc := a j7jl7i2 • • - ljk G \^ fc , 
aj G C for J = (Jx, . . . ,j k ), 1 < j m < N for all m. We show that A^ k (pk, p[) = 
provided Ai(p[) = or A k (p k ) = 0. Indeed, by the definition of the contraction 
mapping we get 



Ai-k{p k , p\) = ajA^ k ( lh , (j h , • • ■ ( ljk , pW 

= ajguilh ®[l-k + 1] A_ fc+1 «( 7j2 , • • ■ ( ljk , pfi 

Hence ((■,■)) maps 

v ®k ®v M , l> k, to V M - h . On the other hand, the last line 
of the above equation can also be written in the form 

Az_ fc ((pfc,pO> = p j^ fc j, fli2023 ■ ■ -9k,k+i(pk ® A^(p9). 
Suppose now that Aj-pfc = 0. Then p^ is a linear combination of elements £o : = 

£ ® £ ® ^'_i_ 2 , £ e e v r ® fc_i_2 , f g y ® y, A 2 (0 = o. Without 

loss of generality we can assume that _R£ = r£ with r = q 2 or r = q~ 2N+2 . This 
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means that £ is an element of the image of the projector P + or Pq, respectively. 
For such elements we easily obtain 

A i-k(£o,p'i) = Ai_ fe ((r _1 -R i+ i ji+2 £o, p'i) 



r -i| 



TT912923 ■ ■ ■ 9k,k+l(Ri+l,i+2^0 ® A(p'i)) 



[1-kjV 

912923 ■ ■■9k,k+i(£o ® Rk-i-i,k-iAi(p'i)) 



[l-k]\- 



-912923- ■•9k,k+i(£o®MPi)) = -<1 2 r 1A l-k{^p'l}■ 



{l-^\ 

Since q is not a root of unity, we obtain Ai_ k ^ , pj| = and hence Ai_ k ^p k , p[) = 
0. This means that «•, ■)) is a well-defined mapping from \^ Afc ® V A ', k < I, to 

yAl—k 



Theorem 1. There exists a representation > o/ Cl 9 2(iV, c 2 ) on A(O^) such 
that 

1 _|_ g27V-4 

li>Pm = li^Pm + 1 + q2N -4m hi> Pm) ( 8 ) 

for Pm eV Am , me {0,1,... ,JV}, i = 1,2,... ,iV. 

Proof. Since •)) is a well-defined mapping from I 7 ® \/ Am to \/ Am ~ 1 ) we 
only have to show that the definition (||) is compatible with the relations (^) of 
Cl 9 2 (JV, c 2 ). Suppose that m = 0. Then 

7i7j > 1 = 7i > ry. = 7 . A7j _|_ | 7 . ; 7j j) 

for z, j = 1, . . . , iV. Since g(P + fj 7fc ® li) = we obtain P + fj 7fc7; > 1 = 0. From 

Crtf<7,y = g-2^V+2( g 2JV _ !)( ? 2AT-4 + 1)/(g 2 _ ? -2) wg conclude that 

C7* 7< 7i > 1 = C*</( 7< <g> 7i) = g J g2 iv-4 +1 ^ = -^-^ " 

which proves the compatibility with the second equation of (|3]) for m — 0. 
Now consider the case m > 1. Then we get 

1 + g 2jV ' 4 
l + g : 

(l + g 2 ^- 1 ^ 
1 + g 27V ~ 4m )(l + g 
l + g 27V ~ 4 , * l + g 2A -' 



Oii7i7j > Pm = aijli > ( 7jAp m + 1 , ?2JV „ 4m ((7j, Pm)} 



+ 



7 27V-4m 



I + ^-^W(7j, P4 + 1 + g 2Ar-4m-4 a ^(^' 7j" ® Pm) 
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for p rn G V Am , i,j = 1, . . . ,N, aij G C. If ® jj G ker A 2 then the first 
two summands of the last equation vanish and we get an element in V Am . More 
precisely, for p m = r yk 1 ^Jk 2 A • • "7fc m the expression A m {aij^i^j\> p m ) takes the form 



a ijC 2 q 2N - 3 [2] / ■■ 

l +q 2N-4. 



1+q 2 



1 h lm 
1 1- ■ -1 


4 








"l,m-l 
i i. . .i 



h h lm 



1+q 2 



1+q 2 



A 


m 







j ki ki k„ 



m 

1 1 irr^r 

j ki ki k, 



Using A m = A m (id®A m _i) and (id® A m _i)b1 m _ 1 = [m]A m in the first summand 
and (id ® A m )bi m — \m + l]A m+ i in the second one the coefficient in the above 
expression becomes 



c 2 g 2N-3 



[2][m] 



1 + q 



2N-4m 











i i. . .i 



f?q 2N - 3 [2][m + l] 



1 + q 



1N-1m-1 



^4m+l 
■l 1 p-r-q 



* 3 



* 3 



Now in the second summand we replace A m+ i by the second line of 
for = C l i the expression (*) becomes 

c 2 q 2N - 3 {2]{m} c 2 q 2N - 3 [2] fq- 2N+2 (q 2N - l){q 2N ~ A + 1] 



(*) 
Then 



Q 



2N-4m 



+ 1 



Q 



,2JV-4m-4 



h I V [2}q 
1 - <r 4m 



A = 



c 2 ( g 27V - r 



.4, 



\ _|_ q2N-4m 

which proves the compatibility of > with the last relation in (|3]). Setting 
P+li, r, s = 1, . . . ,N, (*) results in 



C y^- 3 [2][mj CT^ / _ _ _ 

g 27V-4m _|_ ]_ + (? 2AT-4m-4 + 1 I 9 ^ 19 1 



c 2 g 27V - 3 [2] 



1-9 



-4m 



g 



2N-4m 



M 4 



where 



Mi 



i r ■ -i 


i 




P+ 
i i 


I I. . .1 



r s 
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Let I N = {ii,i 2 , ■■■ ,in) and J n = (ji,j 2 , ■ ■ ■ ,jn), h,jk e {0, 1} for all k. We 
use the abbreviation rf N = • • "7/f ■ Set £(I N ) = J2k=i = Z)*=iifc> 

and L(J n ) = Y2=i ^it- 
Proposition 2. r/ie se£ {7^7 j • • • 7^ | i k 6 {0, 1}, k = 1, . . . , N} /orms a 
vector space basis of C\ q 2(N, c 2 ). 

Proof. From the explicit form (Q) of the generating relations of the algebra 
C\ q 2(N, c 2 ) we conclude that the elements j In span the vector space C\ q 2(N,c 2 ). 
To prove that they form a basis we use Theorem [l]. Suppose that there is an 
element p = J2i N ^In1 In = in Cl^iV, c 2 ). Then p> 1 = 0. Let j max = 
max{£(/7v) I A/ N 7^ 0}. Then we have 

P >1= J2 A rfA7i 2 A---A7if 

JjV,^(Jjv)=jmax 

where p' G 0£^ _1 ^ Afe - Since P > 1 = 0, we conclude that A Jjv = for all J N 
with £( J N ) = j max . This is a contradiction to the definition of j max . ■ 

Corollary 3. The representation > of C\ q 2(N, c 2 ) on A(O^) is faithful. 

Let Cl ? 2 (iV,c 2 ) denote the subalgebra of C\ q 2(N,c 2 ) defined by 

C\ q 2(N,c 2 ) = {z eC\ q 2(N,c 2 )\d k (z) = for all k = 1,2,... ,n}. (9) 

Proposition 4. T7ie algebra Cl q 2(N,c 2 ) is commutative. 

Proof. By Proposition ^] the set 

&H 2 • • • 75? " " " 7^_i7^ |ii e {0,1},/ = 1,2,... ,n + l, i„ + i < e} (10) 

forms a vector space basis of the algebra C\ q 2(2n + e, c 2 ). From this fact and the 
first line in we conclude that C\ q 2(N, c 2 ) is generated as an algebra by the set 
of its elements 

{lili' I i = 1, 2, . . . , n} for iV = 2n, 

{7n+i, 77' I « = 1, 2, • • • , n} for JV = 2n + 1. 

Now the commutativity of these generators follows immediately from the equa- 
tions in the first line of (f|). ■ 

The following proposition, as well as Proposition ^ was proved in || using 
representation theory of i7 9 2(so.2v)- Here we give an elementary proof. 
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Proposition 5. The algebra Cl g 2(2n, c 2 ) is simple. 

Proof. Let I 7^ {0} be a two-sided ideal of Cl ? 2(2n, c 2 ). We prove that 
X = Cl 9 2(2n, c 2 ). First it will be shown by induction that 

(*) for all j G {1,2,... , n} there exists pj = J2i N A /]v7 /jv e ^ sucn that Xj N 7^ 
implies z& — 1 for all k < j. 

For j = 1 this only means that there exists a nonzero pi G X. Further, from (|4]) 
we obtain 

7jPj = Yl (-<? 2 ) J ~ lA 'iv7i72 • ■ • 7j7i+i ■ • ■ In ■ 

I N ,ij=0 

If 7jPj = then Proposition |2| gives Xi N = for all In with = 0. Hence 
Pj+i := Pj fulfills our hypothesis (*) for j + 1. Otherwise •jjPj 7^ and the 
element p J+ i := •jjPj satisfies (*) for j + 1. By induction it follows that (*) is 
valid for j = n + 1. 

Now we prove by induction that 

(**) for all j G {1,2,... , n} there exists pj = J2i N ^/jv7 Jjv e suc ^ that A 7-^ 7^ 
implies = 1 for k < n and for k > j'. 

By (*) this is true for j = 1. Further, we obtain 

P3I3' = Yl (-<l 2 y~ 1X iNJi ■ ■ ■ Ij'-llj'lj'+i ■■■In- 

lN,ij'=0 

If Pjjji = then Proposition ||] implies Xi N = whenever ij> = 0. Hence pj + \ := pj 
satisfies (**). Otherwise pj + i := pjjji 7^ and it fulfills (**). By induction we 
get (**) for j = n + 1. This means that 7172 • • • 7at G X. 

Now we prove by induction that 7172 • • • G X for j < n + 1. Indeed, this is 
true for j = 1. Further, from @ and j < n we get 

7i72 • • • 7/7, = 7i72 • • • 7i'-i ("7i7;' + [2]? £ g 2fc - 2j+2 7^' + cY^ 1 [2] j 

= cV- 2i+1 [2]Ti72---7i'-i- 

This means that 7x72 ■ • • j n G X. Finally, we prove by inverse induction on j that 
Pi : = 7i72 ■ • • Jj G X for j = n, n — 1, . . . ,0. This is true for j = n. Of course, 
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then Pj'jji G X. On the other hand, 
li'Pi = (-9 2 ) J_1 7i72 • • -Ij-ilj'lj 

= -(-<? 2 r + (-ly-vg^ 1 ^^ • • • 7j _ 1 . 

Hence pj_i G X. For j = we get po = 1 G I and hence X = Cl g 2(iV, c 2 ). ■ 

For N = 2n + 1 let X + and X_ denote the two-sided ideal of Cl q 2 (N,c 2 ) 
generated by the element p + and p_, respectively, where 

P± = 7i ■ • • 7n(±C + 7 n+ i)7 n+ 2 • • • 7iV- (11) 

Proposition 6. T7ie algebra Cl g 2(2n-|- 1, c 2 ) zs semisimple and splits into the 
direct sum of the two simple ideals 1 + and X_. Further, dimX + = dimX_. 

Proof. Let X ^ {0} be a two-sided ideal of C\ q 2{2n + 1, c 2 ). Similarly to the 
first part of the proof of Proposition [5] one can show that there exist complex num- 
bers «i, a 2 , |ai| + |a 2 | > 0, such that p := 7i7 2 • • •7n(ai + a 2 7„ + i)7„ +2 • • • 7tv G X. 
Multiplying p by (— q ,_2 ) n 7 n +i from the left we obtain that 

p' := 7i • ■ • 7n7n+i(«i + "27n+i)7n+2 • - - 7^ = 71 • - • 7„(c 2 a 2 + ai7„+i)7„ +2 • • - 7jv 

belongs to X. If p and p' are linearly independent then X contains both X + and 
X_. Otherwise a\ = c 2 a 2 and X contains at least one of the ideals X + and X_. 
Assume I v G I with ^ = + or r/ = — . Since Cl 9 2 (2n+ 1, c 2 ) is a finite dimensional 
algebra over C, its radical is nilpotent. Suppose that X v is contained in the radical 
of Clq2(2n+ l,c 2 ). Then p v has to be nilpotent. Let us determine p 2 . First, for 
j = 1, . . . , n we compute 

7i • • • ln{r]c + 7 n+ i)7 n+2 • • • 7j/ • 7^+1 • • • 7„(?7C + 7„ + i) = 

= 71 " • • 7nO?C + 7n+l)7n+2 • • ' 7/-1 ( + [ 2 ]<? Yl ^ 

^ fc=l 

+ cY-^ 1 [2]j 7j+ r--7^ + 7n + i) 
= c 2 q N ~ 2j+1 [2]7i • • • 7„(r]c + 7„+i)7 n+2 • • • n/j'-i • 7 j+ i • • • j n {r]c + 7„ +1 ). 
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Further, 

7i • • ■ ln(v c + ln+i) 2 = 7i • ■ ■ In ( c 2 + 2^c7 n+ i + q^2 ^'^Iklk' + c 2 J 

^ fc=i ' 

= 2?7C7i---7 n (?7c + 7„ + i). 

This yields 

P„7i72 • • • ln(vc + 7n+i) = 27/c 2n+ y (n+1) [2] n 7l72 • • • ln ( V c + 7n+1 ) (12) 

and hence p 2 = 2?7c 2n+1 g n( ' n+1 ^[2] n p, ? . Therefore p v is not nilpotent. The only 
possibility is that the radical is {0} and hence Cl g 2 (N,c 2 ) is semisimple. 

Since dimCl g2 (2n + l,c 2 ) = 2 2n+1 k 2 for all k E N, Cl ?2 (2n + l,c 2 ) is not 
simple and I v 7^ Cl g 2(2n + l,c 2 ) for rj = + or t] = — . Then the complement 
ideal 01,2 (JV, c 2 ) Ql v contains l_ v and we get C\ q 2(2n + 1, c 2 ) (2+ © J_) = {0}. 
Hence Cl g2 (2n + l,c 2 ) = X + ©X_. Then the fact that each nontrivial simple 
ideal contains 1 + or X_ in turn implies that both X + and X_ are simple ideals. 
Moreover, since the mapping 7i i— > 7^ i ^ n+1, 7 n+ i 1— ► —7^+1 defines an algebra 
isomorphism of Cl g 2(2n + l,c 2 ) and maps X + to X_, both ideals have the same 
dimension. ■ 

For N = 2n + 1 let v E {1, -1} and for iV = 2n let v = 1. Let tp u N E 
C\ q 2(N, c 2 ) denote the element (p v N = {yc + 7 n +i)7n+27n+3 ■ ■ • 7n for iV = 2n + 1 
and (flf = 7„ + i7„ +2 ■ ■ • 7^ for N = 2n. 

Proposition 7. The left ideals X£ := Cl^iV, c 2 )<p^ of Cl q 2(N, c 2 ) are mini- 
mal. For all v the set {-fl 1 -/ 1 ^ ' ' ' l n n{ P U N I h e iA 1}, J = 1, . . . , n} forms a vector 
space basis of X£. 

Proof. By definition the given elements belong to the left ideal X£. On the 
other hand, the equations (f|) imply that 7fc<p^ = for k > k' and ln+i¥2n+i = 
vap% n+1 . Hence each expression Yi'l'i • • • 7^V5v> %i E {0, 1} for I — 1, 2, ... , AT, 
is a scalar multiple of 7i 1 72 2 • • "lli^N- The linear independence of the given set 
follows immediately from Proposition [2[ Finally, the dimension of the ideal X£ 
is 2 n . By Propositions [| and |6| and from dimCl^iV, c 2 ) = 2 N it follows that 
minimal left ideals have dimension 2 n . Hence X£ is minimal. ■ 

Similarly there exist canonical minimal right ideals X^ of C\ q 2(N, c 2 ) generated 
by i>\ n = 7i72 •■■In and ip% n+1 = 7172 • • • ^ n {vc + 7„ +1 ), respectively. 
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3 Spin representations of U q 2{50N) 

Let N <E ~N, N > 3, N = 2n + e, where n G N and e G {0, 1}. If not otherwise 
stated we use the conventions in [16]. However we set gj = q di , i = 1, 2, . . . , n, 
where di = 2 for i < n and d n = 2 — e. In [|TB[ the algebra [/^(so^v) is defined by 
the generators Ei, Fi, Ki and , i = 1, 2, . . . , n, and relations 



K t K 3 = KjKi, K^r 1 = K^K, = 1, 

K, - K7 1 



TP. TP. _ J?.P. = A. . 



-1 ' 



1— a* 



Em: 



r=0 

1— di-i 



r r(n— r) 



r=0 



r) 


"1 








r 


r) 


"1 


— ciij 






r J 



Qi-Qi 



F l-a ii -r FjF r = 0i ^ 



5« 



(13) 
(14) 

(15) 
(16) 

(17) 



is defined in the same way as 

u- *" -u il *• j il -U g 

but everywhere q 2 has to be replaced by q. 
By JIB] , Proposition 6.5] there exists a unique Hopf algebra structure on 
U q 2(soN) with coproduct A, counit e and antipode 5 such that 

A(Ki) = Ki® K h A^r 1 ) = ^r 1 ® (18) 

A{E i )=l®E i + E i ®K i , A(Fi) =Kr 1 ®F i + F i ® 1, (19) 

e(#i) = ^i^r 1 ) = 1, e(^i) = e(*i) = 0, (20) 
3(Ki) = Kr\ SiKr 1 ) = K h S{E % ) = -Erfr 1 , S(F t ) = -K t F t (21) 

for % — 1, 2, . . . , n. 

For % = 1, 2, . . . , n and j = 1,2,... , iV set 



1,2,... , n, where 


m 




m 


, and 


m 




. p . 


q 2 


. p . 




. p 1 



-2<5f+2<5f +1 -24_ 1 +24 



Q 



z = 1,2,... ,n-l, 



N = 2n + l,i = n, 

Observe that Xi,jXi,f = 1 for all i, j and 

A,. ; . .A, r . i <n,j <n, 
Ai,„+iA i>n+ 2, i<n,j = n. 



(22) 



(23) 
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From [|T6| , Section 8.4.1] we recall the formulas for the vector representation T\ 
of U q 2(s0]s[) with highest weight (1 + 5^3,0,... , 0) and highest weight vector 
&n = In with respect to the simple roots oti, a 2 , . . . , ot n . 

T\(EiK~ l ) = q 2 E i+ i^ — q 2 Ei' ) i'^ 1 , = E i;i+ i — Ei'^i, 

Ti(Ki) = DT x D l+x DT,\D v for N = 2n + e, % = 1, 2, . . . , n - 1, 
T%{E n K~ ) = q'(q 2 E n+ljn — qE n+2tn+1 ), I\(F n ) = q'(q 2 E n ^ n+ i — q^ 1 E n+1 , n+2 ) , 
T\{K n ) = D- l D n+2 for iV = 2n + 1, 
T\{E n K n 1 ) = q 2 E n+ i >n -i — q 2 E n+ 2, n , T\(F n ) = E n -i >n +i — E njn+2 , 
T 1 (K n ) = D-\D- 1 D n+1 D n+2 forN = 2n. 

(24) 

Here we used the notation q' = [2] 1 / 2 and Dj = Y^k=i Q 2Sj Ek,k, j = 1, 2, . . . , n, 
and _Efc,z, /c, Z = 1,2,... , iV, are the matrix units. The aim of this section is to 
prove the following theorems. 

Theorem 8. There exists an algebra map ir : [/^(sojv) — > Cl^iV, c 2 ), N = 
2n + e, such that 

»+l / l -v _ 4/-4r \ 

-m=J2 E n ^tlo"^ h^-^-^ (25) 

«=0 l<ji<j 2 < \r=l L iq J 
-<ji<i+X 

»+l / 2 \-l _ 4«-4r \ 

z=o i<n<j 2 < V=i L Jy 



<ii<i+l 



q2i+l-N " ^ / ■ 1 — g 4 

W 1 ) = EE ( II C 2 [2 ]giv+i-2 3 v J 7 ^ ■ ■ ■ 7»7i+i7i'7i,' • • ■ 7il , 

-<ii<i-l 

(27) 



i-l 



^2i+i-v - - / • I — q q 

< F >) = —I^T E E ( II ^T9WV+I^ ) ^ ■ • • Ti.TW-iTiJ • • ■ Til 

<Jl<72< 

•<ii<i-l 



i-l 



c 2 [2] ^ ^ I ll c 2[2l g JV+i-2> 

1 J i=o i<ii<i 2 < V=i L iH 



(28) 

/or z = 1,2, . . . ,ra - 1, 



tt^h^x; e in ^i-J ^---^---^ (29) 



4i-4r 



2=0 l<ii<J2< \r 
-<3t<n 



lc 2 [2]g 
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<K-j) = q -^Yl E (U^t^)^n--^m---^ (3°) 

«=o l<ji<i 2 < V=i 1 Jy / 
—<jl<n 

for N = 2n + e, 

TTiEnK- 1 ) = -— E II c 2 [2 l q jV + l-2 > Til • • • lhln+lln+2lj[ • • • TjJ , 

[ J «=0 l<h<J2< \r=l [ Jy / 
-<jj<ra-l 

(31) 

< F n) = EE ( II c 2 [2]g iV + l-2 J V J Til • ' • Inlnln+lljl " " " lj[ 

■<3l<n-l 



(32) 



/or iV = 2n + 1 and 



<E n K- V ) = E E II c 2[ 2 l q iV + l-2 J V ) Til • • • Ihln+lln^Hl • • • 7# , 

i=0 l<h<72< \r=l L Jy / 



l<ji<j2< V= 
■<jl<n-2 



(33) 



7r(F„) - ^ ^ ^ I II c 2r 2 l Af+l-2> ) Til ' Ijiln-llnljl " " ' 7# 
1 J «=0 l<h<J2< \r=l 1 Jy 



■<h<n-2 



(34) 



/or N = 2n. 



Theorem 9. (%) JTie vector space V = \ i — 1,2, . . . , N} C Cl^TV, c 2 ) 
zs invariant under the left adjoint action n ad : C/ g 2(sojv) - ► End(Cl 9 2(iV, c 2 )) 0/ 
?7 g 2(soAr) 7 where 

(W)(«) = 7r(/(i))u7r(S'(/ (2 ))), / G CV(fiOjv), r G Cl g2 (iV, c 2 ). (35) 

T/ie representation 7r a d : {/^(soat) — > End(V) 0/ {/^(soat) isomorphic to the 
vector representation with highest weight (1 + 0^3, 0, . . . ,0) and highest weight 
vector 7jy. 

(ii) For N = 2n + 1 &o£/z mappings -k u : ^(sc^n+i) — > End(2£), z/ = —1,1, 
(tt 1 '/) ('0) := ^(f)^ f or f G C/ g 2(so2n+i)> G are isomorphic to the spin rep- 
resentation of U q 2(s02n+i) with highest weight (0, 0, . . . , 0, 1) and highest weight 
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vector ip v 2n+l . 

(Hi) For N = 2n the mapping 7i u : ^(sc^n) — > End(Clg 2 (2n, c 2 )ip\ n ), where 
v = +,- {ir v f){ip) := 7r(/)V> M / G C/g 2 (so 2n ) ; ^ G Cl^(2n, c 2 )^ n; zs zsomor- 
p/wc to i/ie spin representation of U q n(s02 n ) with highest weight (0, 0, . . . , 0, 0, 1) 
and (0,0,... ,0,1,0) and highest weight vector cp\ n and 7 n <£>2n f or v = + an< ^ 
v — — , respectively. 

Remark. In Proposition 3.1.3 and Theorem 3.1.2 in || the existence of a 
homomorphism from the algebra U q (£ ) (which is closely related to {/^(sojv), 
see |L6|, Sect. 8.5]) to Cl^iV, c 2 ) was proved. Theorem |] gives explicit formulas 
in terms of the generators of U q 2{so^). ■ 

In order to prove these assertions we have to study the structure of Cl 9 2(iV, c 2 ) 
in more detail. 

Lemma 10. Let pi G C, i = 1,2, ... ,N, and let p,j = for some j G 
{1,2,... , N}. Then there exists no z G Cl g a(iV, c 2 ), z ^ 0, such that zji = p^z 
for all i. 

Proof. Suppose that z G C\ q 2 (iV, c 2 ), z / 0, such that zji = pffiZ for 
i = 1, 2, . . . , JV. This yields in turn zC\ g 2(N, c 2 ) C Glf{N, c 2 )z. Further, pj = 
gives z^j = and Cl^iV, c 2 )z~fj = 0. Hence J^j = 0, where J denotes the 
two-sided ideal of Cl g 2 (iV,c 2 ) generated by z. Since z G J, we have J ^ {0}. 
Further, ^ and Jjj = imply 1 ^ J and therefore J ^ Cl q 2(N,c 2 ). By 
Propositions [| and || we conclude that N = 2n + 1 and J = l v , rj G {+, — }. 
The relation p v G J and equation (^) give p := 7172 ■ • • 7n(?7C + 7 n +i) G JT. 



Hence p7j = implies j < n. Applying the algebra antiautomorphism r to ( 12 ) . 
from r(p v ) = p rp r(Z n ) = l v we get p' := (rjc + 7n+i)7n+27n+3 ' • • In G J . Now 
p /n fj = is fulfilled only for j > n + 2. This is a contradiction. ■ 

Lemma 11. Let k G N, k < n, and let p, p! G C x . If z G Cl 9 2(jV, c 2 ), z ^0, 
satisfies z'jk — \*Hk z an d z'yy = p ,r )k ,z , then z is homogeneous with respect to 
and we have d^{z) = 0. 

Proof. There exist unique elements z^ G Clq 2 (iV, c 2 ), r = —1, 0, 1, such that 
dk(z^) = r and z = z^ 1 ^ + z^ + z^ . The action of the algebra automorphism 
Ji ^ Q S ' k ~ S ' k ' Jh i — 1,2,... ,N, and its square on the equation z^ — V>Jk z — 
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give 

(g-V- 1 ) + z {0) + qz^) lk = w k {q- l z^ + z {0) + qz®), (36) 
(g-V- 1 ) + z<® + q 2 z^) lk = Vl k (q- 2 z^ + ««» + q 2 z^). (37) 

Together with z^ k = [i^ k z we obtain z^j k = fj,j k z^ for r = —1,0, 1. Similarly, 
z i r ) lk , = fi' lk ,z {r) for r = -1, 0, 1. We will show that z^ = = 0. 

By Proposition |], z^ 1 ' can uniquely be written as z^ 1 ^ = J2i N ^In^ 1 " ■ Since 
d k (z(~^) = —1, for all multiindices In with \j N ^ we have i k = 0, i k i = 1. 
Let us fix a multiindex Jn in the set of those In for which Xi N ^ and the sum 
ji + • • • + jfc-i is minimal, say m. Consider the element 

i\- n il~ n ■ ■■iVr i i^ { - l) ik - a*7^ ( - 1) ). 

Since 7^ = 0, the second summand vanishes. Using the relations (^) the first 
summand becomes 

= i\~ n i\~ n ■ ■ ■ itzr 1 ^ x ^i^ ■ ■ ■ = 

In 

= i\- n i\~ n ■ ■ ■ i k A k - x ik £ ft ft (-q 2 y^ + -^ \ lN ^ ■ ■ ■ 7X-1 >< 

In 

x (-7*7* + ?[2] g 2 '- 2fc+2 7, 7 r + cV" 2fc+1 [2] J 7 fe • • ■ 

Since 7^ = 0, the first summand inside the large brackets vanishes for all In- 
Recall that if i k = and i k > = 1 then i\ + z 2 + . . . + ifc_i > Hence for the 
number of factors 7 f , 1 < t < fc, in the second expression inside of the brackets 
we obtain 

(1 - j x ) + (1 - j 2 ) + . . . + (1 - j k -i) + + + ik-i + 1 > 

> k — 1 — ji — j'2 — jfe-i + m+ l = A; — 1 — m + m + l = fc. 

This means that these summands are zero as well. Therefore we are left with 

l\- n l\~ n ■ ■■llT 1 l^ ( - 1) l k = c 2 q N - 2k+1 [2] J2^l k '(-<l 2 ) n{lN ' JN)X i N x 



1 



X 



x 7i 72 7/c-i 7fc7fc+i 7fc'-i 7fc'+i 7^ 
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with well-defined integer numbers u(In, Jn)- The appearing nonzero summands 
are linearly independent because of Proposition ^. Then z^ -1 ^ — fi'jkZ — 
implies that the above sum must be zero. In particular the summand for 1^ = Jn 
is zero if and only if Xj N = which is a contradiction. Hence z* -1 ) = 0. 
Observe that dk(T(z^)) = —r and 



r(z) lk = (jiT lr rkT{z). (38) 

Replacing jx by (/a') -1 and z^ 1 ^ by t(z^) in the above proof, we obtain r(z^) = 
and hence z^ 1 ' = 0. Therefore z = z^°\ m 

Lemma 12. Let [L{ G C x , % = 1,2, .. . ,N, and let z ^ be an element in 
Cl g 2 (iV,c 2 ) such that z^fi = [HJiZ f or all i = 1,2, N . Then fiifii' = 1 and 
Lij = 1 for j = f. 



Proof. From Lemma |TT] we conclude that dk{z) = for all k = 1,2,... ,n. 
Hence r(z) = z. The equations HklkZ — zjk = and (^) give 

= fi k -f k z - /ifc7 fc r(z) = z-f k - fikHk>r(z)-f k = (1 - /ikl^k')zjk- (39) 

Since z^k 7^ by Lemma we get = 1- Finally, if N = In + 1 then the 

elements z and 7„ + i commute by Proposition f|. ■ 

Lemma 13. Let fi = (yU 1; /x 2 , ■ ■ ■ , (J>k) £ (C x ) fc ; 1 < k < n. Then the following 
assertions are equivalent: 

(i) zji = fiijiZ, r(z)ji = Hijir(z) for i = 1,2,. . . ,k, 

(ii) di(z) = and 

Z7172 • • • T» = ^2 ■ ■ ■ /^7i72 ■ ■ ■ liZ, r(z)7i7 2 • • • 7i = /ii£i 2 • ■ • /i*7i72 • ■ • lir(z) 
for i = 1,2,... ,k, 

(in) di(z) =0 and^jz-'-ji-iizji-Liijiz) = 7172 • • ^i-iM^Ti-ZW'O 2 )) =° 
fori = 1,2,... ,k. 

Proof. Applying the algebra antiautomorphism r of Cl g 2 (N, c 2 ) to the second 
equation of (i) and using r 2 = id the conclusion (i)— >(iii) follows immediately from 
Lemma [IT]. For the proof of (hi)— >(ii) we take the sequence of equations 

II1II2 ■ ■ ■ Vjlxli ■ ■ ■ IjZ = ■ ■ ■ /ij-i(7i72 • • • lj-iz'lj) = 

= Hi--- ^-2(71 ■ • • l3-2z'lj-i)lj = ■■■ = ^171^72 • • • Jj = z'7172 ■ • • 7i> 



17 



where the equations of (iii) for i = j, j — 1, . . . , 2, 1 and z' = z, t(z) are used. 

We have to prove (ii)— >(i). Suppose that z G Cl g 2(iV, c 2 ), z ^ 0, fulfills (ii). 
We prove by induction that z^i = n^z and r(z)ji = ^^(z) for i = 1, 2, . . . , k. 
Our induction assumptions are the equations in (ii) for fixed % := m < k and the 
equations zjj = fijjjZ, zjy = fij jj>z for all j = 1,2,... , m— 1. Observe that 
the last requirements are empty at the beginning m = 1 of the induction. We 
have to prove zj m = n m ^ m z and r(z)^ m = fi m j m T(z). Applying r to the last 
equation we then obtain zj m i = [i^^ m iz which is needed for the next induction 
step. 

Now we prove not only z^ m = fJ. m J m z but all equations 

271 72 • • • 7j7 m = /ii/i 2 • • • lijUmlYyi ■ ■ ■ IjlmZ, (40) 

j = 0,1,2, ... ,m — lby inverse induction on j. For j — m—1 this is the induction 
hypothesis and for j = the equation we want to prove. For the induction step 
we use the formula zjf = jj,~ l ^jiz which is known since j < m. By (|]) we 
compute 

^7i72 • • • 7j-r7m = z I — r-— — 7i7 2 ■ ■ • 7;7m7j' - T^p" T?'7i72 ' ' ' TjTti 

_ n 2j+l-N 1-JV 



= ^2 • • • /ij/im^- ^ 7172 • • • 7j7m7i' ~ -^lj'^Xl2 ' ' ' 7»7m ) 2 

= yUl/i2 • • ■ Hj-xH m lXl2 ■ ■ ■ Ij-llmZ. 

Changing the role of z and t(z) the remaining assertion T(z)j m = fi m J m T(z) can 
be shown in the same way. ■ 



Taking Lemma and Lemma |1^ into account we define complex vector spaces 
Z% for fi = (nx,fJ-2, ••• ,A*n) e (C x ) n . Set /v = /i" 1 for i G {1,2, ... ,N}, % > i', 
and \x\ = 1 for i = i'. Then we define 

Z»={ze C\ q2 (N, c 2 ) I z lt = ^z, i = l,2,... ,N}. (41) 

Similarly to the proof of Lemma |ll] one can show that Z 1 ^ splits into the direct 
sum Z^f © Zft 1 of <9 -homogeneous components of even and odd degree, respec- 
tively. Since there are no nonzero elements z of Cl~ 2 (2n, c 2 ) such that dk(z) = 
for all k = 1, 2, . . . ,n, we have Z^ = {0}. 

Lemma 14. Let /i = (//i,// 2 , • • • , A*n) £ (C x ) n . T/ien 2; G 2^ i/ and on/y i/ 
d k (z) = and 7^2 • • -Jk-x(zjk ~ ^klkz) = for all k = 1,2,... ,n. 
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Proof. The only if part of the lemma follows from Lemma |TT| and the defi- 
nition of Z%[. On the other hand, suppose that df.(z) = and 7172 • • ,r yk-i{ z lk ~ 
fJ'klkz) = for all k — 1, 2, . . . , n. Then t(z) = z and hence we can apply 
Lemma |i"3|(iii)— >(i) with k = n. This means z^i = f^ijiZ and zy? = /i~ 1 7i'Z. The 
remaining assertion Z7 n+ i = 7 n +i^ follows from {z, 7„+i} C C\ q 2(2n + 1, c 2 ) and 
Proposition £|. ■ 

Proposition 15. Let \i = (jUi,/^ 2 ,... ,/i n ) G (C x )™. The vector spaces 
',^2n+i an ^ ^2n+i are one- dimensional and generated by the element 

E\ ^ / TT ~ l~g ) Q \ fj 

111 c 2\2] a N+l-2i r J 7ii7i 2 ' ' ' 7i fc 7„+i7i' fc ■ • • 7i 2 7ii) 
fc=0 l<ii<j 2 < \r=l L J / 

•■•<ifc<n 

where fj = /or .2^ and Z^+i, anc ^ ^ = 1 / or %2n+i- 

Corollary 16. The elements z$ G C\ q 2(2n,c 2 ) and zi G Cl~ 2 (2n + 1, c 2 ) , given 

by 

fc=o i=i ^ J J„ 



(42) 



^ i— n ;— 1 5l J'-' r 



fc=0 Z=l J, 

£(J„)=fc 



(43) 



satisfy the equations zoji = —•jiZo and ziji = jiZi, respectively, for all % - 
1,2, . . . , iV. Moreover, they are unique with this property up to a scalar factor. 



Proof of the proposition. Let z G Z^p, z 7^ 0. We use Lemma [14| to 
determine the explicit form of z. The requirement dk{z) = for all k = 1, 2, . . . , n 
is equivalent to the fact that z takes the form 



^ = E A ^i^ " " 7^i7^ " " 7^- 

In 



If J n is a multiindex with z& = for some k G {1,2,... , n}, then let 7* denote the 
multiindex (ji, j 2 , • • • , in) such that = %\ + 6ik, I — 1,2, . . . ,n. Let us compute 
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the left hand side of the remaining equations in Lemma [TJ|. By we obtain 

7i72 • • • lk-i{zik ~ ^klkz) = (44) 
Yl A 'n7i72 • • ■ 7fc-i(7fe*7l+i • • ■ Inll+iln' ■ ■ ■ Ik'lk 

1 71 for l<k 

- Vklklulk+x ■ ■ ■ 7„ n 7„+i7j •■■ik') 
7i72 • ■ ■ 7fc-i(A/fc7fe7l+i • • ■ 7^i7fc'7fc + A/ n 7fc+i ■ ■ • lk'-\lk 

l n ,il=0 for l<k 

= £ 7i72 " " " 7fc -i(A / ,c 2 g 7V - 2fc+1 [2] + A, n (-g 2 ) 2 ^^ 2 ^+- +2 ^^ 

ln,ii=0 for £<fc 

-^fcA/j7fc7K •••7*^i- 

By Proposition |2| the summands with nonzero coefficient in the last expression 
are linearly independent. Hence 7172 • • • jk-i [zjk — Hklkz) = if and only if 

H k — ^_g2-j2i fc+1 +2j fc+2 + -+2i n +r) 

A/ - = c 2 q N - 2k+1 [2] A/n ^ 

for all k — 1, 2, . . . , n. This yields z G Cz^. ■ 
Recall the definition of zq and Zi in Corollary p~6| . 

Corollary 17. We have z 2 = 1 in Cl ? 2(2n, c 2 ) and z\ = \ in Cl q 2(2n + 1, c 2 ). 

Proof. By definition z t is a <9o-homogeneous element in Cl ? 2(2n+e, c 2 ). Hence 
z 2 G Cli(2n+e,c 2 ) and by Corollary |T6| it belongs to the center of Cl ? 2(2n+e, c 2 ). 
By Proposition [T5| with //:=(!,!,..., 1), this implies z 2 = Al for some A G C. 



Multiplying this equation by tp l N from the right and taking into account the 
formula z e tp x N = ip l N we conclude that A = 1. ■ 

Corollary 18. The element z\ acts (by multiplication) with the factor n 
on the left ideal 1^ of Cl g 2(2n + l,c 2 ). The element z acts with the factor +1 
and —1 on the subspaces CP~ 2 (2n, c 2 )ip\ n and C\~ 2 {2n,c 2 )ip\ n of the left ideal 
of Clq2 (2n, c 2 ), respectively. 

Now we turn to the proofs of Theorem || and Theorem ^. Therein the following 
lemma plays a crucial role. 
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Lemma 19. For f = Ki, Kf , E,iK~ l , Fi, i = 1,2, ... ,n, let f denote the 
element ofCl g 2(N, c 2 ) given by the expression at the right ofir(f) in Theorem^. 
Then the elements f satisfy the following equations in Cl q 2(N,c 2 ): 



EkK^ 



Kaj = XijjjKi, Kr 1 ^ = A ( j - ; 7\' ( '. 

ijSJq: 1 for j i{k,k + 1, h> - 1, k'}, 

q-^EkK- 1 forj = k + l,k', 

q^jEkK^ 1 + g 2 7 i+1 for j = k, 
q^jEkK^ 1 - g 2 7j+1 for j = k' - 1, 

lj F k for j ^ {k,k + 1, k' - 1, k'}, 



for j = k,k' - 1, 



Enlj 



q 2 -fjF k + 7,-_i for j = k + 1, 
k <l~ 2 ljFk - for j = k! , 

lj E nK~ l for j £ {n- l,n,n+ l,n + 2}, 

IjFU^ 1 for j = ra-l, N = 2n + 1, 

q 2 -f j E n K- 1 + g 2 g'7 i+ i for j = n, N = 2n + I, 
ljE n K~ l - qq'lj+i for j = n + 1, N = 2n + 1, 

for j = n + 2, N = 2n + I, 
for j = n — 1, N = 2n, 
for j = n, N = 2n, 
for j = n + 1, n + 2, N = 2n, 

for j ^ {n — 1, n, n + 1, n + 2}, 
for j = n — 1, N = 2n + 1, 
for j = n, N = 2n + 1, 
for j — n + 1, N — 2n + 1, 



q~ 2 l 3 E n K-^ 
q^EnK- 1 + g 2 7i+2 
q 2 l3 Ejf-^ - q 2 l3 



+2 



[q- 2 l3 E n K^ 

IjEn 
IjEn 
<fljFn 

jjF n + q'jj^ 



q 'JjFn - q V7j-i for j = n + 2, N = 2n + I, 

(fljFn 

q~ 2 ljF n + 7j_2 

q' 2 ^F n -ij~2 



for j = n — 1, n, N = 2n, 
for j = n + 1, N = 2n, 
for j = n + 2, N = 2n, 



for all i 



1,2,... , n and k 



1,2,.. 



n 



1, where q' = [2] 1 / 2 . 



(46) 



(47) 



(48) 



(49) 



(50) 
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Proof. Equation fllq) follows in turn from Proposition |15| Observe that by 
definition EiK~ x = q StlSi7l r(Fi) for all i — 1, 2, . . . , n. Moreover, applying r to 
the equations fl47|), (|48|), (@9|) and © we obtain the formulas (||), (0), © 



and (^9j), respectively, for j' instead of j. Therefore it suffices to show (|4TD-(|50|) 
for j < j'. Let us prove (flTf ) and (H). The proof of the equations fl49|) and (|50|) 
can be treated similarly. 

If j G {/c + 2, + 3, . . . , n + e} then = 7^ and E k K^ x ^j = ^jE k K k x . 

Indeed, in both F k and E k K k x there are no summands containing factors 7;, 
k + 1 < I < k' — 1. Moreover, in each summand there are as many factors ji, 
I < k + 1, as factors 7/, I > k' — 1. From this and the first line of (||) it follows 
that each summand of F k and of E k K k l commutes with 7^. 

If j < k then we use Lemma |13](i)-v=>(iii) with /i 2 , . . . , /ij) = (1, 1, . . . , 1). 
Obviously, d^EkK^ 1 ) = di(F k ) = for i < j. Moreover, 



7i72 • • • lj-i{Fklj ~ ljF k 

7i7/7/+i • "Ik-llhlv-ilv+i ■ ■ 'Ij'-ilj') 



A/„(7/7/+i ■ • -7fc-i 7fe7fc'-i7 fc '+i • ■■jf'-iJf'Jj 

Z„,i(=0 for Z<jf 



7i72 • ■ ■ 7i-i ^ ( A 4^7m • ■ ■ 7l_ 1 1 7fc7fc'-i7l'+i • ■ • lft\lj'lj 

l n ,ii=0 for 



+ A /n 7/+i • • • Ik-ilklw-ilv+x ■ ■ ■ Ij'-xli 

A ^ 1-1-1 %h — \ %h — \ 

j n 7i7/+i ■ • • 7*_i 7fe7fc'-i7 fc '+i • ■ • 7/-i 



= £ ™ • • •7 J -i(A / ,cV 2j+1 [2] + A /n (V)*' +1+ -" +ai ~ +a 

l n ,ii=0 for Kj 

A\ "2-7-1-1 ^fr — 1 ^fr — 1 "2-7-1-1 

inhjjf+i ■ ■ ■ 7 fc -i 7fc7*'-i7*?+i ■ • ■ 7/_i- 



1 _ g 4£(/ n )+4 

The last expression vanishes because of A rJ = n , : n .. 1 for those coefficients 

In c 2qN+l-2j^2] 

Xj n of F k for which %i — for I < j and I > fc. Hence 7172 • • • 7j_i(-Ffc7j — ljFk) = 0- 
Similarly one proves 7172 • • ■^ij~\(E k K k 1 ^,j — •yjE k K k 1 ) = 0. Hence, by Lemma 
HI we get © and (H) for j < k. 
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In a completely similar way one checks that 



7i 72 • ■■lk-i(E k K k Sfe - q 2 l k E k K k 1 - q 2 -f k +i) = 0, 
7i72 • • • 7fc-i(^fc7fc+i - <T 2 7fc+i^fc - Ik) = 0. 

Multiplying these equations from the left and from the right by jji, j — k — 1, k — 
2, . . . ,1, respectively, using ( |4"TD and ( |4*8| ) for j > k', and taking the appropriate 



linear combination of the resulting expressions, one can successively cancel the 
leading factors 7^, j — k — 1, k — 2, . . . , 1 in flSip. This proves ([47]) for j = k and 
(@D for j = k + 1. 

Finally, by definition we have d k+ \{E k K k l ) = d k (F k ) = 1. Hence 

d k+1 (E k K^ k+1 - q~ 2 j k+1 E k K~ l ) = d k {F k -i k - q 2 ^ k F k ) = 2. 

This and Proposition |2| imply that ( fT7| ) and (|4*5| ) are fulfilled for j — k + 1 and 
j = fc, respectively. ■ 

Proof of Theorem |8|. We have to check that tt maps all relations (|i~3|)-(|17l) 

of Uqiisox) to zero. Instead of this we prove that the corresponding equivalent 
relations, where the elements Ki,K~ l ,EiK~ l and Fi are involved, are mapped 
to zero by tt. 

Since Tr(Ki) and tt{KJ ), i,j = 1,2,... ,n are elements of C\ q 2(N, c 2 ), by 
Proposition |] they commute. Moreover, z := tt^K^tt^K^ 1 ) — 1 and z' : = 
7i(K^ 1 )7i(Ki) — 1 are even elements of Cl 9 2 (iV, c 2 ) commuting with all 7^, = 
1, 2, . . . , N by (]46|). From Proposition [T~5| we get z = Xz^q = XI and z' = X' z^q = 



A'l, where // = (1, 1, . . . , 1), A, A' G C. Hence (z - A)^ = (Y - A')^ = 0. On 
the other hand, ^{Ki)(p l N = q( 2 ~ e ) 5in (plf and tx^K^ 1 )^ = q^" 2 ^ 5 " 1 ^ and there- 
fore X^ = AVjv = 0- This means A = A' = and hence equation ([13|) is 
compatible with tt. 

The compatibility of equations (|14]) (the first has to be multiplied by Kj ) 
with tt follows from (£5^) and (|23|). 

Since ^(tt^)) = ^(vr^fTr 1 )) = -1, we have ^(tt^) 2 ) = -2 for all i = 
1,2,... , n. By Proposition |2| this means that TT(Ei) 2 = for all i — 1, 2, . . . , n. 
Further, d i+ i(Tr(Ei)) = 1 for i < n — 1 and di(7r(E i+ i)) = d i+ 2{^{Ei)) = for 
i < n-2. neacedi(ir(Ei)ir(E^i)ir(E^) = -2 and d i+2 (7r(E i+1 )7r(E i )7r(E i+1 )) = 2 
for i < n — 2. Therefore 7r(£' i )7r(£'j + i)7r(£' i ) = 7r(_E , j +1 )7r(i?j)7r(_E , i+1 ) = for 
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i < n — 2. Similarly, 

7r(£ n - 2 )7r(£ n )7r(£„_ 2 ) = n{E n )7i{E n _ 2 )n{E n ) = 0, N = 2n, 

n(E n ^)7r(E n )7c{E n ^) = 0, iV = 2n + 1. 

This proves that fll6|) is compatible with tt for < 0. By similar arguments we 
obtain the same for (|T7|). 

Finally we have to prove compatibility of the relations ([15]) for all i,j = 
1, 2, . . . , n and (0), (|17D for Ojj = with 7T. In order to do this we recall from 
equations (g7|)-(§g) that there exist complex numbers a l kp 

b l kji k — 1, 2, . . . , n, 

j, I = 1, 2, . . . , N, such that 

<E h K k l )lj = \-^{E k K^) + a l kjll , 7r(F fe ) 7j = + b l kjll 

for all k = 1, 2, . . . , n, j = 1, 2, . . . , N. Then 

% - % / 

"ikij _i 
% - <?i 

= KjKd^J U a * k *{E t K^{F k ) - KfaMEiKr 1 ) - ^ 1 ~ 7r ^i 1 1)2 

+ (C aifc Ar/^. - A^y^i^ 1 ) + (ft^X - A^h^M 
/ A _1 A -1 -l\ 

+ % % a ii _ + OikOjm _ _i 7m 

for all i, k = 1,2, ... ,n and j = 1,2, ... , iV. Observe that T^EiKf^jj - 
a l i:j ji, Ti(F fe )7 j = 6^7; and T^K^jj = X kyj jj for all i, k = 1, 2, . . . , n and j = 
1, 2, . . . , N. Since 

TMI^K^F, - F k Kr^ = 0, T x {q^ E,K^ K' 1 - K^E.K'^ = 0, 
T 1 (q7 ark E l K^F k - F k EiK~ l + 6 lk (K^ - l)/( ft - g r 1 )) 7i = 0, 

the last two lines in the above expression vanish. Together with im n C CI J (-/V, c 2 
we obtain 

^ := qrMEiKXFk) ~ ^F^^K; 1 ) - 5 ^ ~ G Zf, 

Qi ~ Qi 
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where \i = fi(%,k) = A*2, • • • , /^n), l^i — \ Similarly one can prove that 

4 := n^K^niE.K, 1 ) - Tt{E k K k l )*{E t K^) e Ztf, 
4 := 7r(fi)ir(F fc ) - t^F^F,) e Z£° 

for an- = and the same fi = Since r(zik) = Zki and T(z- fc ) = 4, it suffices 

to show that z ik = for i < k and 4 = for i, k = 1,2,... , n, = 0. By 
Proposition we obtain z ik ,z' ik 6 Cz^o, /i = H{i,k)- Obviously, ^oV^jv = 1- 
Hence we only have to prove that Zik<p l N = for i < k and z' ik ip l N = for 
i, k = 1, 2, . . . , n, dik = 0. Since -k^EiK' 1 )^ = for all i = 1,2, ... ,n, we 
get z' ik ip x N = 0. If i < k < n then tt(R^ )ip% = ip]^ and 7i(F k ) = 0. Hence 
Zik^N = 0. If i < k = n then d i (TT(E i K~ 1 )Tr(F n )) = — 1 + 5^^^. Moreover, 
for i — n — 1, k — n we get d n (ix(E n -iK~\)ir(F n )) = 2. Hence for i < k = n 
all summands of Zik vanish after multiplication by <f> l N . We are left with the case 
i = k = n, N = 2n + e. Then ir^R- 1 )^ = and ^(R- 1 )^ = q € ~ 2 <p l N . For 
iV = 2n we compute 

i ( -± (t? ^ 1 ~ <T 4 \ i 



<r [2J q 2 — q 

q— 5 g— 1 \ 

^[2j^pJ 7n+l7n+27n " l7n ~ g ~ 2 J ^ 2r 
^7n + ic 2 g™ 3 [2] 7 ,-^ 2 ) </4 



Similarly, for N = 2n + 1 we obtain 

Znn<P 2 n+l = \ Q n(E n R n )-^lnln+l - ~ ~ ) ¥? 2 n+l 



(^^ EnKn 1)7n ~ q l ) ^ 2n+1 = (^7^2] 7n+l7n+27n ~ q l ) ^ 

1 .. _2 _.AT-2n+l mi .-11 -1 I 1 .. .-11 ,_1 



C 3[2] 



1 - 


T 2 


?- 








eg' 









Proof of Theorem |9|. First let us prove (i). Since 7r a( j is a representation 
of U g 2(soN) on 0^2 (iV, c 2 ), it is sufficient to check the invariance of V under the 
action of the generators / = R^R~ X ,EiR~ l ,F+ of [/^(sOjv). By the definition 
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of U^^son), formula (|35| ) for these / takes the form 



for i = 1, 2, . . . , n and j = 1, 2, . . . , N. From this and Lemma [19] the invariance 



of V under the action 7r a d of [/^(sojv) immediately follows. Moreover, 
{n & dKi)(^ N ) = \i,NjN = q 25ll lN, 

(TTad^XTiv) = (7r adJ E^r 1 )(( 7 r ad ir i )( 7A r)) = q^i^EiKr 1 )^) = 0, 

and therefore the iV-dimensional representation 7r a a of {/^(sojv) is isomorphic to 
the vector representation of U^^son) with higest weight (l + Sm, 0, 0, . . . ,0) and 
highest weight vector j N . 

Now we turn to (ii). Since 2£, v e {+,—}, is a left ideal of Cl 9 2(2n+1, c 2 ), 
the mapping gives a representation of V r g 2(s02 n +i) • The dimension of this 
representation is dimX^ = 2 n by Proposition [7[ On the other hand, from 
n(EiK~ l )tp2n+i = an d 7r (-^'i)¥'2n+i = <? {5in f° r alH = 1,2,... , n we obtain that 
the 2 n -dimensional representation of U q 2 (so 2n +i) with highest weight (0,0,... , 0, 1] 
and highest weight vector v?2n+i is a subrepresentation of n u . From this the as- 
sertion follows. 

Finally we prove (iii). Since tt(/) G Cl+ 2 (2n, c 2 ) for all / = K h K~\ EiKr\ F h 
we have 7r([y g 2(so 2n )) C Cl^ 2 (2n, c 2 ). Moreover, tp\ n is homogeneous with re- 
spect to the Z 2 -grading d of Cl g 2(2n, c 2 ), and hence Cl q 2(2n, c 2 )ipl n , v — +, — , 
is an invariant subspace under left multiplication by Crj~ 2 (2n, c 2 ), and there- 
fore by U q 2( y 502n) as well. By Proposition [7] the dimension of the vector space 
Cl^ 2 (2n, c 2 )(fl n , v = +, — , is 2 n_1 . Again we obtain 

(7r+^)(^ 2n ) = <? 2 ^L, (^)(^J = <EMn = ^Kr^^l = 

for i = 1, 2, . . . , n. Hence ir + contains as a subrepresentation the 2 n_1 -dimensional 
highest weight representation with highest weight (0, . . . ,0, 1) and highest weight 
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vector ip\ n . Further, 

- a 25 '"<y ( 1 + Xi ' n - 1 c 2 a N - 2n+1 \2\) 

- 9 7n I 1 + c 2[ 2 ]^+l-2n C 9 [ZJ J ^2n 

(7T l ){lnVln) = A E i K i l )ln¥\n = S in ^j7n+l7n+27n^2n = 

for % — 1, 2, . . . , n. Hence 7r~ contains as a subrepresentation the 2™~ ^dimensional 
highest weight representation with highest weight (0,0,... ,0,1,0) and highest 
weight vector •ynfln- This proves the theorem. ■ 
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